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Swirling Inflow Within the Narrow Gap of Two Disks
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and

P. Tsifourdaris*
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The results of an analytical study dealing with the asymptotic swirling inflow, generated within the gap of two
closely placed parallel disks, are presented. It is shown that the radial velocity component can be expressed by a
single parameter, which combines the reduced Reynolds number and radial position. The latter velocity is found to
flatten at the midgap position with the Reynolds number producing a plateau that progressively expands toward
the walls. Under the action of viscous diffusion, the axial distribution of the tangential velocity is found to exhibit
a similar property. The radial profile of the static pressure is shown to depend on the relative vortex strength
and the Reynolds number. As inertia begins to dominate the viscous forces, the mid-channel tangential velocity
curvature in the axial direction is found to tend asymptotically to zero, thus, encouraging the centerline velocity to
approach the free-vortex profile. The results of the analytical study compare favorably with previous and present

experimental evidence.

Nomenclature

arbitrary constants

half gap size, m

dummy variable

static pressure, Pa

exit radius, m

disk radius, m

Reynolds number, v,;,/1 /v,

reduced Reynolds number, Re o

polar coordinates, m, rads, m

swirl ratio, Vgin/Vrin

dimensionless radial velocity
dimensionless tangential velocity
velocity component, m/s

Cartesian coordinates, m

eigenvalues

dimensionless static pressure, [p(r) — Py]/ ,ovrzin
dimensionless static pressure, 2n%(n*> — 1) Ap
dimensionless axial coordinate
dimensionless radial coordinate
dimensionless parameter

kinematic viscosity, m?2/s

general dimensionless pressure function
density, kg/m?

aspect ratio, i/ R;,

general dimensionless velocity function
= rotational speed of the disks, rads/s
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Subscripts and Superscript

in = properties at the inlet

max = maximum value of the quantity

r,6,z = radial, tangential, and axial component
* = dimensional quantity
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1. Introduction

VARIETY of fundamentally distinct flows are possible to

evolve within the space formed by placing two flat disks one
on top of the other (Fig. 1). Allowing the fluid to enter the gap by
the periphery and to exit the domain from a centrally located outlet
generates the accelerating (or sink) flow. This kind of fluid motion
is characterized by a monotonically decreasing pressure gradient.
The stabilizing effects of acceleration encourage the flow to remain
laminar even at very high inlet Reynolds numbers, or to laminarize
in the case that the entering flow is turbulent. A decelerating (or
source) flow unfolds by reversing the flow direction of the previous
case. Three particular flow manifestations are associated with the
latter fluid motion. At relatively low inlet Reynolds numbers, a lam-
inar flow throughout the gap emerges. In the case of intermediate
inlet Reynolds numbers, a decaying, self-controlled oscillatory flow
ensues. Finally, for high inlet Reynolds numbers, this condition is
succeeded by a self-sustained fluctuating flow that matures into a
laminar—turbulent transition, followed by a reverse flow transfor-
mation to laminarlike conditions at larger radii. Because the flow
undergoes a continual variation of its velocity, the Stokesian flow
assumption is not valid, even for low inlet Reynolds numbers. The
complexity of the entire affair is exacerbated by the introduction of
a centrifugal force field via either the imposition of swirl at the inlet,
or the rotation of one or of both disks.

Flowfields of this kind are worth studying because these are rou-
tinely encountered in a number of standard technological applica-
tions such as radial diffusers, flow regulating valves, multiple-disk
turbomachinery, air bearings, disk-type heat exchangers, pneumatic
micrometers, flow and viscosity meters, vortex gyroscopes, and in
a more exotic device such as the gaseous core nuclear rocket for
advanced space propulsion. The industrial value of these types of
flows is, therefore, evident. In addition, the topic is of academic
interest. These are the incentives that have made the study of these
flows attractive to both applied and theoretical fluid dynamicists for
at least 50 years.

During this period, several papers related to the subject matter
have been published that are too numerous to mention here. The
earlier experiments of Morgan and Saunders' without swirl sug-
gested that the inertia contribution could not be neglected, even
at the viscous-dominated regime. Under this constraint, the mo-
mentum equation is nonlinear, and as a result only approximate
solutions have been reported in the past. Many investigators pre-
sented solutions based on von Karman’s integral approach. Among
those are Woolard,? Livesey,? Moller,* Boyack and Rice,’ and Kwok
and Lee.® A satisfactory solution for the pressure was obtained by
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Fig. 1 Schematic of the problem.

Savage,’ in the range of Moller’s* experiments, by perturbing the
parabolic velocity for the outflow case in terms of the downstream
coordinate. Lee and Lin® obtained a solution to the linearized differ-
ential form of the momentum equation employing the Runge—Kutta
numerical technique. Their static pressure results compared favor-
ably with the experiments of Hayes and Tucker.’ A further simpli-
fication of the inertial term led Vatistas'® to a simple closed-form
solution for the pressure. However, a radial velocity distribution of a
creeping flow was assumed. In a subsequent paper by Vatistas,'! an
explicit solution to the equation of Lee and Lin® was reported. Nu-
merical solutions to the inflow problem were presented by Murphy
et al.'? and by Zitouni and Vatistas."?

In the last 37 years, several papers related to disk flows with swirl
have been reported. Although one can find earlier contributions, by a
number of investigators, dealing with the heat transfer properties in
domains similar to the one considered here, we will restrict our short
review to contributions that deal strictly with isothermal flows. The
experiments of Savino and Keshock'* dealt with the experimental
determination of velocity and pressure of a sink flow produced in a
short cylindrical vortex chamber. Conover'? studied experimentally
the laminar flow developed between a rotating disk and a station-
ary wall with and without radial flow. DeSantis and Rakowsky!'¢
investigated the boundary-layer characteristics of the inward fluid
motion in a pair of coaxial disks with weak swirl at the inlet. The
turbulent source field between two corotating disks was the theme
of the experimental and theoretical studies of Bakke et al.!”

The present paper focuses on asymptotic solutions to the steady,
laminar swirling sink flow between two flat disks where all mate-
rial elements are monotonically accelerating in the radial direction.
In other words, we are interested in the types of flow where the
streamlines converge over the entire channel. There is at least one
extreme value of the tangential velocity inside the gap, and the flow
is symmetric about the midchannel plane. In the absence of swirl
this problem is in many respects similar to Jefrey-Hamel flow within
two inclined planes. Although the spacing between the two disks,
in the present problem, remains constant, the flowfield experiences
a similar effect because the perimeter of the area normal to the
fluid motion changes with the radius. The main goal of the paper is
to provide approximate expressions for the static pressure and the
velocity.

II. Theoretical Development of the Problem

In this section, we focus on the analytical development of sink
flows where the material elements are accelerating in the nega-
tive radial direction. The idealized problem is diagramed in Fig. 1.
Fluid enters the domain from the periphery, and it exits through the
centrally located outlet. Under the assumption that the flowfield is
steady, laminar, incompressible, and axisymmetric, that the gap be-
tween the disks is very small (h/Ry, < 1), and that R, < Rj,, the
conservation equations in dimensionless form are as follows.

Continuity:

19
——Unl=0 )]
n an
The n momentum:
ou V2 dAP 1 3%
Ue = — = — + — — @)
an n dn  Re, 352
The & momentum:
a[v 1 92V
U Val _ [Vl 3)
on Re, 02
where all of the parameters are defined in the Nomenclature.
Equation (1) suggests that
U=2()/n C)

This is, of course, the case if one stays away from the exit port where
the fluid has not yet detected the outlet and the zero axial velocity
assumption is asymptotically a valid hypothesis. When Eq. (4), is
used, the inertial term ({ &~ — 1/n) is linearized, and furthermore
the centerline value for the tangential velocity (V & V;,,,) is taken
to represent the centrifugal effects, the n-momentum equation sim-
plifies to

0@ SVE,

3

T
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Re,n dg?
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Integrating the preceding equation with respect to 7, from n =1
to 17, and noting that V.« is a function of n alone, we obtain

$o@) P-DRe,
o @ =4AEm) 5)

[ (1?2 — DRe, 2n?
A= f— T ATI(n) = Ap(n) —————
27 o) ) p(n) -1

Solution of Eq. (5) followed by the incorporation of the boundary
nonslip condition for the radial velocity component in the ¢ direction
at { =0 and 2 yields

where

o) = AE(/\){ sinh[A(2 — ¢)] 4 sinh[AL] 1} ©

sinh[2A]

From the continuity constraint

1
/ d@)de = —1 @)
0

and Eq. (6), we have

AZG) = Asinh[21] ®)
TV T Asinh[24] — cosh[2A] + 1
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Incorporation of the last result into Eq. (6) yields

Asinh[2)]

@) = Al —cosh2i] 1

sinh[A(2 — ¢)] + sinh[A¢]
X - —1 9
sinh[2A]
Therefore, the dimensionless pressure is
~ 2,72 ! Vn?la)(
ATI(n) = AB() + 87— / — dy (10)
-1/, n

A. Swirl at the Inlet with Plates Stationary
To determine ATT and ®, we have to derive an expression of V.
Linearization of the inertial term (u &~ —1/n) in Eq. (4) gives

19[Vnl 1 8*[Vn]
n on  Re 93¢

an

Partial differential equation (11) is solved by the standard separation
of variables method. Applying the nonslip boundary condition for
the tangential velocity component at { =0 and 2 and the entrance
condition n =1— V =1, we obtain

2 =\ sin[8,¢] B
V= n; 5 exp[ >a n)] (12)
where
Bu=[@n+1)/2y/Re]n, 8 =[@n+1)/2]n

n=0,1,2,3,4,...,

Because the maximum occurs at ¢ = 1, we have

2 (= Ba >
vmax—E; 5 exp[—;(l—n)] (13)

The pressure can now be determined by inserting the expression
for the maximum tangential velocity given by Eq. (13) into Eq. (10).
The integral in Eq. (10) can be solved exactly. However, it will
require the evaluation of double infinite series. A very accurate value
can also be obtained by any standard integral numerical technique.

B. Swirl at the Inlet with Rotating Plates

The case where both disks are rotating and the fluid is entering
the gap with an initial swirl requires special treatment. To make the
boundary conditions homogeneous, the following transformation is
utilized

V=V +(Re/n)(>—20)+1

Following a procedure similar to the preceding case, the tangential
velocity component and the static pressure are given by

o0

4Re, sin[8,¢] B2 .| Re
V=T - —@*-2
" ; 5 exp[ S (=4 = =20 4
(14)
where
4Re, N (1) 2 Re,
Vinax = — ( 3) exXp| — lg_n(l _7)2) +—+n (15)
N n=0 6” 2 n

The dimensionless static pressure distribution is also given by
Eq. (10). Of course, the maximum tangential velocity distribution
given by Eq. (15) must be used here.

III. Analysis of the Problem

The experimental data to be reported have been obtained using
the apparatus shown in Fig. 2. It consists of two 0.457-m- (18-in.-)
diam Plexiglas disks held stationary over a fixed support. The inflow
is generated connecting the 0.032-m- (1.25-in.-) diam central outlet
tube to the suction side of the compressor. Swirl is imparted into
the entering fluid by fixing a swirl generator ring in the gap at the
periphery having 50 tangential holes. The volumetric flow rate is
metered by a rotameter. The radial static pressure distribution is
picked up from nine equally spaced pressure taps located on the top
plate and then measured by an inclined manometer.

It is evident from Eq. (9) that the radial velocity distribution is
solely a function of parameter A (or Reynolds number Re, and
n), and it is the same for both the earlier given cases. It is also
similar to the nonswirling radial inflow, which indicates that under
the mentioned assumptions the velocity component retains its gen-
eral form. In Fig. 3, a family of velocity distributions is presented.
For small values of Reynolds number Re, the familiar Poiseuille-
like profile similar to the flow between two flat plates is present.

=181
:j) = 1,251;:. ‘ To the suction side
2h=0.51n, 0.25 in of the blower
0.1875 in, 0.125 in Control Box
YOmR]mL 1234 61 b
T 1117 —_—
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Pitot Tube
D
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Rotameter Manometer
Fig. 2 Experimental apparatus.
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Fig. 3 Theoretical profiles of the radial-velocity at different radii as a
function of Reynolds number Re,.
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Fig. 5 Theoretical profiles of the tangential velocity at different radii as function of Reynolds number Re, for stationary disks with swirl at inlet.

As Reynolds number Re, increases, the velocity profile flattens
midgap (¢ = 1). The plateau progressively expands toward the walls
(¢ =0and ¢ =2), where the velocity is seen to reduce to zero within
a thin layer. Comparison with the experimental data of DeSantis and
Rakowsky'® is shown in Fig. 4. The radial velocity has been mea-
sured using a rotating hot wire. It is evident that there is a difficulty
in resolving adequately the velocity near the walls. This is espe-
cially true in the neighborhood of the lower disk (¢ =2 in Fig. 4).
Nevertheless, the data do provide some indication regarding the
development of the radial velocity.

It would have been also interesting to confirm experimentally the
theoretically obtained conjecture about the form of the latter veloc-

ity for stationary disks with swirl flow at the inlet. The only reliable
experimental data for the radial velocity in such geometry are those
of Savino and Keshock.'* Unfortunately, these pertain to relatively
large gaps (h/R;, =~ 0.1), a condition for the radial velocity that is
outside the range of the present study. As the fluid enters the gap
through the inlet, a strong centrifugal force field immediately con-
fronts it. In its attempt to find the outlet with the least opposition, it
does so by flowing closely to the disks where the tangential velocity
reduces to satisfy the nonslip condition on the solid wall. The last
produces the Ekman’s boundary layers, which are characterized by
two radial velocity peaks near the plates, thus, making them unsuit-
able for comparisons to the present asymptotic flow solution. For
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Fig. 6 Theoretical profiles of the tangential velocity at different radii as function of Reynolds number Re, for corotating disks with swirl at inlet.
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Fig. 7 Maximum tangential velocity as a function of 7 and Reynolds
number Re, for stationary disks with swirl at inlet.

considerably smaller gap ratios, the layers, however, are expected
to merge and, thus, approach the conditions of the present analysis.
Indications that this is the case are present in Fig. 4, where the radial
velocity is seen to develop a small depression midchannel, which is
the initial stage of the development of Ekman’s boundary layer.
The development of the tangential velocity component for the
case of stationary and rotating disks with swirl at the inlet are shown
in Figs. 5 and 6, respectively. It is evident that the tangential velocity
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Fig. 8 Maximum tangential velocity as a function of ) and Reynolds
number Re, for corotating disks with swirl at inlet.

exhibits characteristics similar to that of the radial velocity. For small
values of Reynolds number Re,, the familiar Poiseuille like profile
appears. When Reynolds number Re, increases, the velocity profile
flattens midgap, progressively spreading toward the walls. A closer
look at the tangential momentum equation reveals that vorticity is
carried by convection in the n direction, whereas in the ¢ direction
it is diffused by only the action of viscosity. For large Reynolds
number Re, values, the diffusion is confined within the layers near



748 VATISTAS, GHALY, AND TSIFOURDARIS

10
s exp. Ref. 14
o potential vortex
o\\ — present theory |

max

N

Rer =197
$=15

O
0.1 1

a)

10 T
=\ present theory
N
N B exp. Ref. 16
B8 \ O potential vortex | |
v
max
Re =9.0
r
$ =007
1
0.1 1
n
b)
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Fig. 10 Comparisons of the tangential velocity distributions from present theory and experiments of Savino and Keshock.!*

the plates leaving the rest of the fluid in the ¢ direction unaffected
the action taking place near the solid walls.

The maximum tangential velocity occurs at the midchannel
height, { = 1. Its variation with the radius 7 is shown in Figs. 7
and 8. It is apparent that as Reynolds number Re, increases both
cases tend asymptotically to a potential vortex distribution. It is also
evident that the rotating disk arrangement leads to the potential pro-
file faster than the stationary disk case. In fact, for Re, values of
12 and 9 for stationary and rotating disk situations, respectively, the
maximum deviation from the free vortex is less than 0.1%. When
Re, — 00, the curvature of Vi — 0 at { = 1; thus, from Eq. (10),
Vmax 1 — 1, which is the characteristic property of a potential vortex.
For low Reynolds numbers, the maximum velocity first undergoes a
decrease, gradually recovering afterward, tending to a power profile
asymptotically for smaller radii. Therefore, for high Reynolds num-
ber Re, values, as amply evident from the experiments of Savino
and Keshock'* (Fig. 9a) and DeSantis and Rakowsky'® (Fig. 9b), the
midgap value of the tangential velocity must be close to the free vor-

tex. The value for n =0.15 (Ref. 14) is the exemption; however, one
has to realize that this point is inside the outlet tube (R, / R;, =0.2)
where the flow is turning toward the exit. In fact, the diminish-
ing deviations of points n = 2.0, 0.25, and 3.0 from the free vortex
might also be due to the same effect. Comparisons between the
experimental'* and theoretical [Eq. (11)] tangential velocity distri-
bution are found in Fig. 10. It is well known that in the case of
strongly swirling flow, such as in the Savino and Keshock experi-
ments, the tangential velocity dominates the other two components.
It is, therefore, no surprise to find the theoretical tangential velocity
to agree reasonably well with the experiment, whereas the radial
velocity may not.

It has been shown previously that, in the case of relatively large
Reynolds number Re, values, the tangential velocity at the midplane
tends to the free-vortex profile. Consequently,

Wv2 2_1
/ max gy 1
Lon 2n
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ATI(L) = AE(A) + §?
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For relatively small Reynolds number Re, values, for example,
Re, < 12 for stationary disks and Re, <9 for rotating disks, the

original pressure equation

For this particular condition, the pressure AIT is only a function of

parameter A. Profiles of the static pressure as a function of A for
different swirl ratios S are shown in Fig. 11. The majority of the
experimental®'*!® points in Fig. 11 pertain to S = 0. Nevertheless,

the pressure reported in Ref. 14 (S = 15) correlate reasonably well

with the present theory.

7,)2

1 n
Ap(n) = AB()—— + SQ/
1

2n

VZ
max d?]
n

must be used. Confirmation of its validity is shown in Fig. 12.
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Fig. 12 Pressure variation with 7 for stationary disks with swirl at inlet, different inlet for Re, <12.
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IV. Conclusions

We focused on asymptotic solutions to steady, laminar, swirling
sink flow between two flat disks, where all material elements are
monotonically accelerating in the radial direction. Although in the
present problem the spacing between the two disks remain constant,
the flowfield experiences a continuous acceleration because the area
normal to the fluid motion changes with the radius. The analysis has
shown the radial velocity component to depend solely on a single pa-
rameter, which combines the reduced Reynolds number and radial
position. For large Reynolds numbers, the latter velocity compo-
nent flattens in the middle of the channel, thus, developing a plateau
that progressively expanded toward the disks. The tangential ve-
locity component exhibited a similar property. The static pressure
has been shown to depend on the vortex strength and the Reynolds
number, with the centerline value approaching the free-vortex pro-
file asymptotically. The results of the present analytical study
compares reasonably well with previous and present experimental
evidence.
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